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Abstract
Heterotic M -theory consists of a five-dimensional manifold of the form S1/Z2 ×M4. It has been
shown that one of the two orbifold planes, the “observable” sector, can have a low energy particle
spectrum which is precisely the N = 1 supersymmetric standard model with three right-handed
neutrino chiral supermultiplets. The other orbifold plane constitutes a “hidden” sector which, since
its communication with the observable sector is suppressed, will be ignored in this paper. However,
the finite fifth-dimension allows for the existence of three-brane solitons which, in order to render
the vacuum anomaly free, must appear. That is, heterotic M -theory provides a natural frame-
work for brane-world cosmological scenarios coupled to realistic particle physics. The complete
worldvolume action of such three-branes is unknown. Here, treating these solitons as probe branes,
we construct their scalar worldvolume Lagrangian as a derivative expansion of the heterotic DBI
action. In analogy with similar calculations in the M5 and AdS5 context, this leads to the con-
struction of “heterotic Galileons”. However, realistic vacua of heterotic M -theory are necessarily
N = 1 supersymmetric in four dimensions. Hence, we proceed to supersymmetrize the three-brane
worldvolume action, first in flat superspace and then extend the results to N = 1 supergravity.
Such a worldvolume action may lead to interesting cosmology, such as “bouncing” universe models,
by allowing for the violation of the Null Energy Condition (NEC).
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1 Introduction
The relatively recent discovery of the Higgs boson [1, 2] showed that low energy particle physics is
apparently described, to a high degree of accuracy, by the so-called “standard model”. However,
it also had a potentially important impact on theories of early universe cosmology. Specifically,
it demonstrated the existence in nature of spin-0 fields, required by particle physics phenomenol-
ogy, that could potentially act as the dynamical cosmological scalar. In [3], an attempt was made
to use the Higgs boson as a natural “inflaton” within the inflationary scenario. Although com-
pelling, this theory was plagued by serious problems–such as the requirement that the Higgs field
be quadratically coupled, with an unnaturally large coupling parameter, to the curvature scalar
in the Lagrangian density. Attempts to circumvent these issues by, for example, extending the
standard model and, hence, the Higgs boson to N = 1 supersymmetry [4, 5] also manifested sig-
nificant problems. A somewhat different approach, using right-handed sneutrino scalars instead of
the Higgs boson as an inflaton within the context of the N = 1 supersymmetric “B − L MSSM”
theory [6], was, in principle, more successful. However, it is plagued by all of the initial value and
multiverse issues involved in any inflationary scenario. Be that as it may, the concept that any
realistic theory of cosmology should 1) contain the standard model of particle physics, 2) naturally
introduce the scalar or scalars associated with early universe dynamics and 3) imply the exact
scalar self-couplings, as well as their explicit coupling to dynamical four-dimensional gravitation,
was made very compelling. Since the various problems plaguing inflationary scenarios seem difficult
to overcome, in this paper we will instead consider so-called “bouncing” theories of cosmology, see
[7]-[12] and [13]-[21]. Natural versions of bouncing cosmologies should also satisfy criteria 1), 2)
and 3). However, a fourth criterion must be added; namely that 4) the theory naturally allow for
the violation of the “null energy condition” (NEC)–as is required for spacetime to transition from
a contracting to an expanding phase. In this paper, we will discuss theories that satisfy all four
conditions.
It is well-known that this fourth condition can naturally manifest itself in worldvolume theories
of 3+1 dimensional bosonic branes. For example, it was shown in [22, 23] that the worldvolume
theory of a three-brane embedded in an AdS5 bulk space can, for the appropriate choice of co-
efficients, violate the NEC. It follows that co-dimension one bosonic branes embedded in various
five-dimensional bulk spaces are potentially of interest in theories of cosmology. The generic form
for the worldvolume action of such branes, subject to the restriction that the associated equations
of motion have at most two derivatives, has been presented in [24, 25] for the maximally symmetric
bulk spaces AdS5, dS5 and M5. In these cases, the three-brane Lagrangians are potentially inter-
esting in their own right. For example, the 3+1 dimensional bosonic brane embedded in AdS5,
when expanded into terms each containing the same number of derivatives, exactly reproduces the
so-called “conformal Galileons” originally presented in [26, 27, 28]. However, none of these theories
contain the standard model of particle physics and are not associated with it in any natural way.
That is, these theories violate conditions 1) and 2) specified above and, hence, do not constitute
fundamental theories of particle cosmology. However, there is a specific bosonic three-brane world-
volume theory that does not suffer from these drawbacks. This theory consists of a co-dimension
one three-brane embedded in the five-dimensional bulk space S1/Z2 ×M4. As discussed in detail
below, this arises as part of the low energy vacuum–called “heterotic M -theory” [29, 30, 31]–of a
compactification of 11-dimensional M -theory. In order to set the context for this fundamental cos-
mological three-brane, as well as for its N = 1 supersymmetric and supergravitational extensions,
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a careful discussion of heterotic M -theory is presented in Section 2.
The bosonic worldvolume theory of this heterotic brane is constructed in detail in Section 3,
using the formalism first presented for the AdS5, dS5 and M5 bulk spaces in [24, 25]. The single
real scalar field, which we will denote by pi, is a function of the four spacetime coordinates on the
brane surface and specifies the exact embedding of the three-brane in the bulk space. We begin by
writing out the complete DBI action for the bosonic three-brane worldvolume using the metric for
the five-dimensional heterotic M -theory bulk space derived in [32] and specified in Section 2. The
dimension one parameter, α, that arises in this metric is also defined in Section 2. In particular,
the four-dimensional spacetime derivatives ∂ enter the action via powers of the dimensionless ratio
(∂/α)2. As in the case of the three-brane embedded in AdS5 space presented in [24, 25, 33], we
perform a “derivative expansion” of the heterotic worldvolume action in terms of this dimensionless
ratio. Unlike the AdS5 case, whose derivative expansion naturally terminates in the five conformal
Galileons, the derivative expansion of the bosonic heterotic worldvolume is infinite. However, under
the assumption that ∂  α, required so that the effective heterotic theory remains valid, the higher
derivative terms become less and less important. In this paper, for simplicity, we will terminate
the derivative expansion at order (∂/α)6. Combining all terms with the same order of derivatives
together, we find that this truncated action contains four terms, Li, for i = 1, 2, 3, 4. The exact form
of these Lagrangian densities will be derived in Section 3 and constitute a new class of Galileons,
which we will refer to as the “heterotic Galileons”. We note that L1, contains no derivatives and
is simply a function of the scalar field. This implies that this worldvolume theory has a natural
potential energy associated with it. On the other hand, L2 is of order (∂/α)2 and constitutes the
scalar field kinetic energy, whereas L3 and L4 are specific higher derivative scalar interactions.
The heterotic three-brane bosonic worldvolume action is of interest in its own right. However,
the fact that the three-brane arises within the context of heterotic M -theory, requires that the
worldvolume action be extended to be N = 1 supersymmetric–as discussed in Section 2. It follows
that the fields describing this action must be generalized from the single scalar field, pˆi = αpi, to the
complex scalar A = 1√
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(pˆi + iχ), Weyl fermion ψ and complex auxiliary field F of an N = 1 chiral
supermultiplet. We begin by presenting the flat superspace generalization of the four “heterotic
Galileon” terms Li, for i = 1, 2, 3, 4 in the derivative expansion of the DBI bosonic action. These
superfield expressions will then be expanded into the supersymmetry component fields. Since it is
not necessary for this paper, we will ignore the Weyl fermion, but will expand the theory to all
orders in both the scalar field A and the auxiliary field F . Although not directly applicable to
cosmology, which requires its extension to supergravity, this flat superspace theory will allow us to
discuss, and solve, two important and related questions that arise in this context. The first involves
the introduction of a “superpotential” into the Lagrangian. This constitutes the supersymmetric
realization of the scalar potential energy found in L1. The second involves the question of how
to “eliminate” the auxiliary field F in higher-derivative supersymmetric theories. Both of these
issues were discussed in [33] and will be resolved in the heterotic context in this paper. Inserting
the solution for the F field back into the theory will lead to the complete flat supersymmetric
expression for the heterotic worldvolume action. These flat supersymmetric Lagrangians will be
denoted by L¯i and the results, both in superfields and component fields, will be presented in Section
4.
In order to be relevant to cosmology, it is necessary to generalize these flat superspace results
to N = 1 supergravitation. That is, one must couple the chiral superfield discussed in Section 3
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to the N = 1 supergravity multiplet consisting of the four-dimensional metric gµν , its fermionic
gravitino superpartner ψ αµ , the complex scalar auxiliary field M and the real vector auxiliary field
bµ. This is carried out in Section 5 for the first three flat supersymmetric Lagrangians; that is,
L¯i, for i = 1, 2, 3. These results will be presented, first, in terms of the associated superfields
and second, after the elimination of the supergravity auxiliary fields M and bµ, in terms of the
component fields–again with both fermions ψ and ψ αµ being set to zero. We will also present the
supergravity extension of L¯4 in terms of superfields. However, the elimination of the supergravity
auxiliary fields M and bµ is much more complicated in the case of L¯4. Hence, in this paper, we
will present only that part of the component field expansion of this term not involving these two
auxiliary fields. A complete description of the component field Lagrangian associated with L¯4 will
be presented elsewhere. However, this is not required in this paper for the following reason. Since
we are primarily interested in the cosmological aspects of this heterotic brane worldvolume theory,
and since heterotic M -theory is only valid for momenta much smaller than the Planck mass MP ,
the Calabi-Yau mass MCY ' 1016 GeV and the five-dimensional curvature α ' 1014 GeV, the
supergravity extensions of each of L¯i, for i = 1, 2, 3, 4 need only be evaluated at momenta much
smaller than these mass scales. Hence, in L¯i, for i = 1, 2, 3 one can ignore all terms suppressed by
these scales. The result will reduce to the flat superspace Lagrangians presented in Section 4, where
the flat four-dimensional metric ηµν is now replaced by a generic metric gµν and the flat derivative ∂
is replaced by the associated covariant derivative ∇. The situation for L¯4 however, is, importantly,
somewhat different. It remains true that one takes the flat superspace Lagrangian and replaces
ηµν −→ gµν and ∂ −→ ∇. However, it turns out that there are now two additional terms, not arising
from the elimination of M and bµ, that are purely supergravitational–that is, do not occur in the
flat superspace L¯4–and which are not suppressed by MP , MCY or α. These two terms involve
the curvature tensor associated with gµν and are explicitly calculated in Section 5. Combining
these covariant component field results for L¯i, for i = 1, 2, 3, 4 leads to the complete N = 1
supersymmetric heterotic three-brane worldvolume Lagrangian at cosmological energy/momentum
scales. This final result will be presented in Section 6. For completeness, in Appendix A we present
the entire N = 1 supersymmetric Lagrangian up to L¯4 in component fields, and in Appendix B
we give the N = 1 supergravitational extension, where we have taken the “cosmological” limit
described above.
It follows that the N = 1 supergravitational worldvolume theory of a heterotic three-brane
explicitly satisfies conditions 2) and 3) discussed above, as well as potentially satisfying condition
4). However, what distinguishes this theory from all of the “brane worldvolume” scenarios that
preceded it, is that the complete heterotic M -theory vacuum in which it naturally arises, explicitly
contains the standard model of particle physics–although in its N = 1 supersymmetric form. That
is, the vacua of heterotic M -theory naturally satisfy all four conditions for a fundamental theory
of particle cosmology.
2 Heterotic M-Theory
As discussed in the Introduction, in this paper we want to work within the framework of a funda-
mental theory that a) explicitly contains the exact particle spectrum of the standard model, b) has
a natural candidate for the scalar field(s) associated with the cosmological dynamics in the early
universe, c) explicitly predicts the interactions of this scalar field(s) with itself and four-dimensional
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spacetime gravitation and d) allows, in principle, for the violation of the NEC. As we now explain,
a compelling choice for this fundamental framework is heterotic M -theory [29, 30, 31].
Heterotic M-theory is defined to be the compactification of 11-dimensional Horava-Witten theory
[34, 35] to 5-dimensions. This is accomplished in two steps. First, one compactifies Horava-
Witten theory on a Calabi-Yau threefold–with or without non-trivial homotopy. This reduces the
theory to two 4-dimensional spacetime surfaces, each located at one of the fixed-points of S1/Z2,
separated by a finite 5-th dimension. Second, a gauge connection with structure group contained
in E8, and satisfying the traceless hermitian Yang-Mills equations [36, 37], is specified on the
Calabi-Yau threefold associated with each of these two surfaces. The low energy gauge group and
particle spectrum on each 4-dimensional orbifold surface is determined by the choice of this gauge
connection [38], as well as by any locally flat “Wilson lines”. Finally, there can be a finite number of
codimension-1 “three branes” located at various points within the 5-th dimension. These arise from
topological five-branes in M -theory, each with two spatial dimensions wrapped on a holomorphic
curve in the Calabi-Yau threefold, that must satisfy a specific homological constraint [36, 39]. It
is important to note that since 1) the compactification manifold is a Calabi-Yau threefold, 2) the
gauge connections each satisfy the traceless hermitian Yang-Mills equations and 3) that every five-
brane is wrapped on a holomorphic curve, the low energy theory on each 4-dimensional orbifold
surface, as well as the worldvolume action on each three-brane, must be N = 1 supersymmetric.
There is clearly a very large number of heterotic M -theories that can be constructed, depending
on the choice of the Calabi-Yau threefold as well as the specific gauge connections–that is, slope
stable holomorphic vector bundles with vanishing slope–chosen on each orbifold surface. However,
it was shown in a series of papers [40, 41, 42, 43, 44] that it is possible to pick both the compact-
ification geometry and as well as the choice of vector bundles so that the low energy physics is
phenomenologically realistic. This set of realistic vacua is called the “heterotic standard model”.
To be specific, the Calabi-Yau threefold is chosen to be a quotient threefold of the form
X =
X˜
Z3 × Z3 , (1)
where
X˜ = dP9 ×P1 dP9 (2)
is a “Schoen” threefold with isometry group Z3×Z3. In [40] it was shown that X has three Ka¨hler
and three complex structure moduli, that is, h1,1 = h1,2 = 3, a specific set of intersection numbers
dijk and homotopy group pi
1 = Z3 × Z3. In the following, let us refer to one of the 4-dimensional
orbifold surfaces as the “observable sector” and to the other surface as the “hidden sector”. Then,
it was proven in [41, 42, 43, 44] that one can choose a slope-stable, holomorphic vector bundle with
vanishing slope on the observable sector of the form
V =
V˜
Z3 × Z3 , (3)
where V˜ has structure group SU(4) ⊂ E8 and is constructed by “extension” as
V1 −→ V˜ −→ V2 . (4)
Each of V1 and V2 is a specific tensor product of a line bundle with a rank two bundle pulled
back from a dP9 factor of X˜. It was explicitly shown in [43, 44] that this bundle is Z3 × Z3
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“equivariant”, as it must be. In addition, non-trivial Z3 ×Z3 Wilson lines with specific actions on
the representations R of SU(4) are introduced. The particle spectrum on the quotient threefold X
is obtained by tensoring the cohomology H1(X˜, UR(V˜ ))–where UR(V˜ ) is the tensor product of the
bundle associated the SU(4) representation R–with the representation space of R and then taking
the Z3 × Z3 invariant part. It was shown in [44] that the spectrum given by
(H1(X˜, UR(V˜ )⊗R
)Z3×Z3 (5)
is exactly that of the MSSM with three right-handed neutrino chiral super-multiplets–one for each
of the three families. Since the Z3 × Z3 finite group is Abelian, it follows that the gauge group of
the MSSM is
G = SU(3)C × SU(2)L × U(1)Y × U(1)B−L . (6)
That is, it is the standard model gauge group augmented by an extra gauged U(1)B−L factor.
We conclude that the heterotic M -theory vacuum with this observable sector explicitly satisfies
requirement a) above; that is, it explicitly contains the exact particle spectrum of the standard
model–although extended to N = 1 supersymmetry.
As discussed above, the complete heterotic M -theory vacuum requires that one also specify a
slope stable, holomorphic vector bundle with vanishing slope on the Calabi-Yau threefold associated
with the hidden sector. This choice is far from unique, only being restricted by the requirement
that the homological constraint
c2(V
(observable)) + c2(V
(hidden)) +W − c2(TX) = 0 (7)
be satisfied. Here, c2 specifies the second Chern class and TX is the tangent bundle of the quotient
Calabi-Yau threefold X. W specifies the homology class associated with the three-branes in the
finite 5-th dimensional interval–henceforth, referred to as the “bulk space”. An explicit example
of a hidden sector bundle V (hidden) which, for X and V given in (1) and (3) respectively, satisfies
condition (7) for an “effective” homology class W is given in [45]. However, we expect there to
be many such hidden sector bundles. Since their spectrum is connected to our observable world
only by gravitational suppressed interactions, we, henceforth, ignore the hidden sector. What
is vitally important to this paper, however, is the existence of an effective homology class W ,
which contains holomorphic curves on which two spatial dimensions of a bulk space five-brane
can be wrapped. We will, henceforth, assume that there is only a single five-brane wrapped on a
holomorphic curve in W . That is, our heterotic M -theory vacuum contains a single, isolated three-
brane in the bulk space. Since the curve is holomorphic, the worldvolume theory of this three-brane
must be N = 1 supersymmetric. The possible intrinsic fields on the three-brane worldvolume were
discussed in detail in [36]. In general, for a specific gauge choice, the worldvolume contains two
real scalar fields–pi, which specifies its embedding in the bulk space and χ, which is the dual to an
antisymmetric tensor on the brane surface. These combine together to form a complex “universal”
scalar, which is the lowest component of a chiral superfield. Additionally, if the genus of the
holomorphic curve is g, there can also exists g vector superfields on the three-brane worldvolume.
Henceforth, for simplicty, we will assume that the holomorphic curve has genus zero and, therefore,
these vector supermultiplets do not arise. We conclude that our heterotic M -theory vacuum with
such a holomorphic curve and the associated bulk space three-brane explicitly satisfies requirement
b) above; that is, it has a natural candidate for the scalar field(s) associated with the cosmological
dynamics in the early universe–although extended to N = 1 supersymmetry.
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The main content of this paper will be to explicitly construct the worldvolume theory of this bulk
space three-brane; first in flat N = 1 superspace and then to extend these results to curved N = 1
supergravity–albeit in the limit where all momenta ∂  α < MCY < MP . The result of doing
this is two-fold. First, the supergravity extension explicitly satisfies requirement c) above; that
is, it explicitly predicts the interactions of this scalar field(s) with itself and with four-dimensional
spacetime gravitation. The second important consequence of this construction is due to the fact
that the worldvolume Lagrangian of this heterotic M -theory bulk three-brane contains several
terms–each with its own arbitrary parameter. These constants can be constrained to allow for all
required properties of the low-energy effective theory–for example, that it be ghost-free. Once this
has been done, we expect there to be sufficient freedom left in these coefficients to possibly allow
for the violation of the NEC in certain cosmological solutions. This has been shown to be the case
in bosonic three-brane worldvolume theories–such as those involving “conformal Galileons”–and
we expect it to be the case for heterotic M -theory bulk space three-branes. Therefore, we expect
our heterotic M -theory to satisfy condition 4) above; that is, that it allows, in principle, for the
violation of the NEC.
Before continuing to the construction of supersymmetric heterotic three-brane actions, there
remains one more important issue that must be discussed; namely, the form of the five-dimensional
bulk space metric in heterotic M -theory. This was worked out in a number of different contexts in
[31]. Choosing a flat foliation of the bulk space, the general form of the five-dimensional metric is
given by
ds2 = a(y)2ηµνdx
µdxν + b(y)2dy2 , (8)
where y ∈ [0, piρ] is the coordinate of the finite 5-th dimension and the functions a(y) and b(y)
are determined by solving the equations of motion derived from the five-dimensional heterotic M -
theory Lagrangian. This is straightforward for Calabi-Yau threefold compactifications with h1,1 = 1
[31, 46]. However, for compactifications where h1,1 > 1, this is considerably more difficult. Be that
as it may, the solutions for the heterotic standard model, where h1,1 = 3, were presented in a
“linearized” approximation in [31] . In this case, assuming there is no three-brane in the bulk space,
one finds
a2(y) = a20h(y) , b
2(y) = b20h(y)
4 , (9)
where
h(y) = −2
3
(αy + c0) (10)
and a0, b0 and c0 are dimensionless constants. The dimension one parameter α is defined by
α =
pi√
2
(
κ
4pi
)2/3 1
v2/3
β , (11)
with κ the 11-dimensional Planck constant and v is the Calabi-Yau “reference” volume, with mass
dimensions −9/2 and −6 respectively, and
β =
1
v1/3
∫
X
(
c2(V
(observable))− 1
2
c2(TX)
)
∧ ω , (12)
where ω the Ka¨hler form on X. For the case of a single three-brane located at the point Y ∈ [0, piρ],
it was shown in [46, 47] that this solution for h(y) generalizes to
h(y) = −2
3
(
(α+ α(3))y − α(3)Y + c0
)
, (13)
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where the three-brane charge α(3) is
α(3) =
(
pi√
2
(
κ
4pi
)2/3 1
v2/3
)
1
v1/3
∫
X
W ∧ ω . (14)
Here, W is the two-form associated with the wrapped three-brane and satisfies homology condition
(7). Clearly, the dimension one parameter α(3) depends explicitly on the choice of the hidden sector
gauge bundle. For different hidden sector bundles, α(3) can be either smaller or larger than the
observable sector parameter α. Since, in this paper, we are ignoring any discussion of the hidden
sector, we will simply use the “probe brane” approximation; that is, we assume the three-brane does
not back-react on the geometry and, hence, does not effect the 5-dimensional metric presented in
(9) and (10). We expect this to be a good approximation for certain choices of the hidden sector
bundle. In any case, we will, for simplicity, use the “probe brane” approximation in the remainder
of this paper. Finally, it was shown in [32] that, after a coordinate transformation to a new variable
z with the same range [0, piρ] as y, as well as further restrictions on the coefficients, the metric can
be expressed simply as
ds2 = a(z)2ηµνdx
µdxν + dz2 , (15)
where
a2(z) = (1− 2αz)1/3 . (16)
This is the form of the five-dimensional bulk space metric that we will use in the remainder of this
paper.
Finally, this metric has two important properties that will be essential in our analysis of the
heterotic three-brane worldvolume action. First, note that the only mass scale entering the metric
and, hence, the curvature of the bulk space is α–given in (11),(12). Second, in order to avoid metric
(15) becoming singular, it follows from (16) that
αz <
1
2
, z ∈ [0, piρ] . (17)
Furthermore, as shown in [31], the “linearized” approximation necessitated by the fact that h1,1 = 3,
strengthens this inequality to become
αz  1 . (18)
For the heterotic M -theory standard model discussed above, we find that 1/piρ ∼ 1015 GeV and,
using (11) and (12), that
α ' 1014 GeV , (19)
thus satisfying the inequality (18).
3 Heterotic Bosonic Brane Action
Before constructing the N = 1 supersymmetric worldvolume action of a probe brane in heterotic
M -theory, we first determine the DBI action for a single real scalar degree of freedom, pi, in this
context. To do this, we utilize the formalism presented in [24, 25, 28] in which the DBI Galileons and
the DBI conformal Galileons were constructed from probe branes in five-dimensional Minkowski
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space M5 and AdS5 space respectively. The heterotic DBI action, although involving nonlinear
functions of ∂pi, will nevertheless yield two-derivative equations of motion for the scalar pi. The
derivatives of pi will be suppressed by the natural mass parameter α. This will allow us to perform a
derivative expansion of the heterotic DBI action in powers of ∂/α. The resulting set of Lagrangians
have a similar derivative structure to the Galileons and conformal Galileons and, hence, we will
refer to them as “heterotic Galileons”. We begin by constructing the corresponding DBI action.
3.1 Geometric DBI Lagrangians
We briefly review the formalism given in [24, 25, 28] which describes the construction of the world-
volume action of a 3-brane in a five-dimensional bulk space. Following the conventions outlined
in [33], we label the bulk space coordinates by XA, A = 0, 1, 2, 3, 5 and the brane worldvolume
coordinates by σµ, µ = 0, 1, 2, 3. The bulk space is taken to be foliated by time-like hypersurfaces
which are Gaussian normal with respect to the bulk metric GAB(X). Furthermore, we restrict to
the case where the extrinsic curvature on the foliation leaves is proportional to the induced metric.
The bulk space metric then takes the form
GAB(X)dX
AdXB = f(X5)2gµν(X)dX
µdXν + (dX5)2, (20)
where Xµ, µ = 0, 1, 2, 3 are the coordinates on an arbitrary leaf of the foliation and X5 is the
transverse normal coordinate. The metric on the foliation, gµν(X), depends only on the leaf
coordinates Xµ and, together with the function f(X5), will be specified once the bulk space and
specific foliation are chosen.
The worldvolume of a 3+1 brane embedded in the bulk space, parametrized by the intrinsic
coordinates σµ, will be labelled by five functions XA(σ). As a result of this embedding, the brane
inherits an induced metric g¯µν and extrinsic curvature Kµν . Recall from [24, 25, 28] that if the
brane action is to be invariant under worldvolume diffeomorphisms, it must consist of geometrical
quantities constructed from g¯µν and Kµν . Additionally, in order that the Lagrangian give rise to
two-derivative equations of motion only, the total action must be of the form [28]
L =
5∑
i=1
ciLi (21)
where
L1 =
√−g
∫ pi
dpi′f(pi′)4,
L2 = −
√−g¯,
L3 =
√−g¯ K,
L4 = −
√−g¯ R¯,
L5 = 3
2
√−g¯ KGB (22)
with K = g¯µνKµν , R¯ = g¯
µνR¯αµαν and KGB is a Gauss-Bonnet boundary term given by
KGB = −1
3
K3 +K2µνK −
2
3
K3µν − 2
(
R¯µν − 1
2
R¯g¯µν
)
Kµν . (23)
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All indices are raised and the traces taken with respect to g¯µν . In this paper, we will ignore
the L5 term due to its complicated structure, and examine the phenomenology of the first four
Lagrangians.
Using the diffeomorphism invariance of the worldvolume action, one can set
Xµ = σµ , µ = 0, 1, 2, 3
X5 = pi(σ) = pi(Xµ) . (24)
That is, we work in a gauge where a single scalar pi, itself a function of the four foliation coordinates
Xµ, represents the position of the 3+1 brane with respect to the origin of the XA coordinates.
Note that equation (24) implies that pi has dimension of length; that is, mass dimension -1. It is
important to note that although in a maximally symmetric bulk space, such as AdS5, the location
of the coordinate origin is completely arbitrary and carries no intrinsic information, this is no longer
true in the heterotic M -theory bulk space. In the heterotic case, the scalar field pi(Xµ) represents
the physical location of the three-brane relative to the origin, which we choose to be located at
the observable orbifold plane. For clarity, we relate our notation to that which often appears in
the literature. With this in mind, we will denote the four foliation coordinates and the transverse
Gaussian normal coordinates as Xµ = xµ, µ = 0, 1, 2, 3 and X5 = pi respectively. It follows that
the generic bulk space metric appearing in (20) can now be written as
GAB(X)dX
AdXB = f(pi(x))2gµν(x)dx
µdxν + dpi2 . (25)
With this gauge choice, and given a bulk space metric of the form (25), the first four geometric
Lagrangians are found to be [24, 25, 28]
L1 =
√−g
∫ pi
dpi′f4(pi′)
L2 = −
√−gf4
√
1 +
1
f2
(∇pi)2
L3 =
√−g
(
f3f ′(5− γ2)− f2[Π] + γ2[pi3]
)
L4 = −
√−g
{
1
γ
f2R− 2γRµν∇µpi∇νpi + γ
(
[Π]2 − [Π2] + 2γ2 1
f2
(− [Π][pi3] + [pi4]))
+6
f3f ′′
γ
(−1 + γ2) + 2γff ′
(
− 4[Π] + γ
2
f2
(
f2[Π] + 4[pi3]
))
−6f
2(f ′)2
γ
(1− 2γ2 + γ4)
}
. (26)
Here, γ = 1/
√
1 + f−2(∂pi)2. The covariant derivatives and curvatures are with respect to the
foliation metric gµν . The notation [Π], [pi
n] is standard in the literature, see for example [24, 28],
and denote traces and contractions of derivatives of pi with respect to gµν . Note that the Lagrangians
L1,L2,L3 and L4 in (26) have mass dimensions −1, 0, 1 and 2 respectively. Hence, the constant
coefficients c1, c2, c3, c4 in the action (21) have mass dimensions 5, 4, 3 and 2.
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The formalism and results described thus far are valid for a probe three-brane in any background
five-dimensional bulk space. We now apply this generic formalism to the case of a probe three-brane
embedded in the five-dimensional bulk space of heterotic M -theory. It follows from the metric (15),
(16) presented in Section 2 that
f(pi) = (1− 2αpi)1/6 (27)
and, hence,
γ =
1√
1 + (1− 2αpi)−1/3(∂pi)2
. (28)
The total Lagrangian then becomes
L =
4∑
i=1
Li (29)
where the geometric Lagrangians presented in (26) are given by
L1 = − 3
10α
(1− 2αpi)5/3
L2 = −(1− 2αpi)2/3
√
1 + (1− 2αpi)−1/3(∂pi)2
L3 = −α
3
(1− 2αpi)−1/3[5− γ2]− (1− 2αpi)1/3pi + γ2[pi3]
L4 = −γ
(
[Π]2 − [Π2] + 2γ2(1− 2αpi)−1/3[− [Π][pi3] + [pi4]])
+
10
3
α2
γ
(1− 2αpi)−4/3(−1 + γ2)
+
2
3
αγ(1− 2αpi)−2/3
(
− 4pi + γ2[pi + 4(1− 2αpi)−1/3[pi3]])
+
2
3
α
γ
(1− 2αpi)−4/3(1− 2γ2 + γ4) . (30)
Note that, unlike the Poincare and conformal DBI Galileons, these Lagrangians do not exhibit a
non-linearly realized global symmetry. The reason is that the Poincare and conformal symmetries
arise from those Killing vectors of the bulk space which are not parallel to the surfaces of foliation.
While such Killing vectors are present in the maximally symmetric M5 and AdS5 spaces, there are
none in the heterotic bulk space. Hence, the absence of an analogous symmetry in the heterotic
DBI Galileons. We emphasize that since the Lagrange densities in (30) arise from those presented
in (22), the associated equations of motion all contain at most two derivatives.
3.2 The Derivative Expansion
In a previous paper [33], we performed a derivative expansion of the DBI Galileon action in the
case of a probe three-brane embedded in an AdS5 bulk space. There, one takes all derivatives
of the brane modulus field to be much smaller than the mass scale M = 1/R, where R is the
radius of curvature of the AdS5 space. The total worldvolume DBI Lagrangian was expanded in
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powers of (∂/M)2, and terms of the same order in derivatives were then grouped together. It was
shown that, at each order n in derivatives, the associated Lagrangian was precisely the n-th order
conformal Galileon. Due to the symmetry properties of the complete worldvolume action, one need
only expand to order (∂/M)8–corresponding to the conformal Galileon L5–since all terms of higher
order form a total divergence [48].
For the case of heterotic M-theory, the mass scale associated with the curvature of the five-
dimensional bulk space is α, as discussed in Section 2. Hence, the appropriate expansion parameter
in the heterotic case will be (∂/α)2. As discussed above, there is no special symmetry inherent in
heterotic geometry. One might think, therefore, that a derivative expansion of the Lagrangians in
(30) would require one to keep terms to all order in (∂/α)2. However, this is not the case. Heterotic
M -theory is only valid for momenta that are small compared to, not only the Planck mass MP
and the Calabi-Yau scale of order 1016 GeV, but also with respect to the scale associated with the
curvature of the fifth-dimension. As discussed above, for the heterotic standard model this is found
to be of order 1014 GeV. Therefore, it is necessary to restrict (∂/α)2 to be small and, hence, one
can truncate the derivative expansion at a small finite order in this expansion parameter.
We begin by defining the dimensionless field
pˆi = αpi . (31)
Let us also scale the individual Lagrangians Li and coefficients ci as follows
Li → α2−iLi , ci → αi−2ci (32)
for i = 1, 2, 3, 4. This ensures that the ci, while still arbitrary, now have mass dimension 4, while
each Lagrangian density Li is dimensionless. We now expand the total Lagrangian L in powers of
(∂/α)2  1. (33)
Collecting terms up to order (∂/α)6, and using integration by parts, we can then express our total
Lagrangian (29) as
L =
4∑
i=1
Li (34)
where
L1 = − 3
10
c1(1− 2pˆi)5/3 − c2(1− 2pˆi)2/3 − 4
3
c3(1− 2pˆi)−1/3
L2 =
(
− 1
2
c2(1− 2pˆi)1/3 − c3(1− 2pˆi)−2/3 − 2
3
c4(1− 2pˆi)−5/3
)(
∂pˆi
α
)2
L3 =
(
− 1
2
c3 − c4(1− 2pˆi)−1
)(
∂pˆi
α
)2pˆi
α2
+
(
1
8
c2 +
1
3
c3(1− 2pˆi)−1 − 1
3
c4(1− 2pˆi)−2
)(
∂pˆi
α
)4
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L4 = −1
4
c4(1− 2pˆi)−1/3∂µ
α
(
∂pˆi
α
)2∂µ
α
(
∂pˆi
α
)2
+ c4(1− 2pˆi)−1/3pˆi
α2
pˆi,µ
α
pˆi,µν
α2
pˆi,ν
α
− 19
6
c4(1− 2pˆi)−4/3
(
∂pˆi
α
)4pˆi
α2
+
(
− c3(1− 2pˆi)−1/3 − 11
3
c4(1− 2pˆi)−4/3
)(
∂pˆi
α
)2 pˆi,µ
α
pˆi,µν
α2
pˆi,ν
α
+
(
− 1
16
c2(1− 2pˆi)−1/3 − 1
3
(1− 2pˆi)−4/3 − 9
4
c4(1− 2pˆi)−7/3
)(
∂pˆi
α
)6
. (35)
Up to now, we have discussed the derivative expansion of the DBI heterotic Lagrangian using
the necessary restriction that (∂/α)2  1. However, there is an additional physical restriction that
must be taken into account. It follows from (18) that the dimensionless field pˆi must satisfy
pˆi  1 . (36)
While the DBI expressions given in (30) can be considered accurate as far as the expansion in
(∂/α)2 is concerned, we must now additionally expand all functions of pˆi derived from f(pˆi) and its
derivatives to linear order in pˆi. This expansion must terminate at linear order since higher powers
of pˆi cannot arise in the metric deduced from the dimensional reduction of M -theory to leading
order in κ. Performing this expansion in (35), we find that the worldvolume Lagrangian of a probe
three-brane in five-dimensional heterotic M -theory is given by
L =
4∑
i=1
L¯i (37)
where
L¯1 = − 3
10
c1 − c2 − 4
3
c3 +
(
c1 +
4
3
c2 − 8
9
c3
)
pˆi
L¯2 =
(
− 1
2
c2 − c3 − 2
3
c4 +
(1
3
c2 − 4
3
c3 − 20
9
c4
)
pˆi
)(
∂pˆi
α
)2
L¯3 =
(
− 1
2
c3 − c4 − 2c4pˆi
)(
∂pˆi
α
)2pˆi
α2
+
(
1
8
c2 +
1
3
c3 − 1
3
c4 + (
2
3
c3 − 4
3
c4)pˆi
)(
∂pˆi
α
)4
L¯4 = −
(
1
4
c4 +
1
6
c4pˆi
)
∂ν
α
(
∂pˆi
α
)2∂ν
α
(
∂pˆi
α
)2
+
(
c4 +
2
3
c4pˆi
)
pˆi
α2
pˆi,µ
α
pˆi,µν
α2
pˆi,ν
α
−
(
19
6
c4 +
76
9
c4pˆi
)(
∂pˆi
α
)4pˆi
α2
+
(
− c3 − 11
3
c4 + (−2
3
c3 − 88
9
c4)pˆi
)(
∂pˆi
α
)2 pˆi,µ
α
pˆi,µν
α2
pˆi,ν
α
+
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 + (− 1
24
c2 − 8
9
c3 − 21
2
c4)pˆi
)(
∂pˆi
α
)6
.
(38)
Again, we note the absence of a non-linearly realized global symmetry in the worldvolume La-
grangian. In the small derivative limit, this means that, unlike in the conformal case, one cannot
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re-express the ci coefficients in terms of new constants c¯i such that the total Lagrangian is of the
form
∑4
i=1 c¯iL¯i. This feature of the parameters will be helpful when the formalism is used in a
cosmological context–such as to ensure the appearance of NEC violation. Be that as it may, since
the expressions in (38) arise from those in (30), they give rise to second order equations of motion
and make up the worldvolume action for a probe brane in a five-dimensional heterotic M -theory
geometry. Therefore, we will refer to them as “heterotic Galileons”.
4 Supersymmetric Heterotic Galileons
We now extend the scalar Lagrangians given in (38) to d=4, N = 1 global supersymmetry, as is
required by heterotic M -theory. To do this, we employ the formalism of N = 1 superspace [49],
whose coordinates are xµ, µ = 0, 1, 2, 3, an anti-commuting two component Weyl spinor θ and
its hermitian conjugate θ¯. These coordinates have mass dimensions 0, -1/2 and 1/2 respectively.
Following [33, 50], we begin by defining a dimensionless complex scalar field A, whose real part is
the brane position modulus pˆi. That is,
A(x) ≡ 1√
2
(pˆi(x) + iχ(x)) , (39)
where χ is a second real scalar field. We now take the scalar field A to be the lowest component of a
dimensionless chiral superfield Φ(xµ, θ, θ¯). Expressing this as an expansion in the anti-commuting
spinor coordinates, one finds that there are two new fields in the chiral multiplet in addition to
A. These are a complex two-component Weyl spinor ψ and a complex scalar field F , with mass
dimensions 1/2 and 1 respectively. Abusing notation, we can simply write
Φ = (A,ψ, F ) . (40)
Using the superspace formalism, one can construct manifestly supersymmetric Lagrangians as
the θθθ¯θ¯ component of a real combination of Φ and Φ† (such as ΦΦ†), or the θθ (or θ¯θ¯) component
of a complex, holomorphic function of Φ (or Φ†) alone (such as Φ2). Henceforth, since it is not
required in this paper, we will drop all terms involving the fermion ψ and focus on the bosonic
fields only.
4.1 Supersymmetric L¯2
We start by defining a manifestly hermitian Ka¨hler potential by
K(Φ,Φ†) =
(c2 + 2c3 +
4
3c4)
α2
ΦΦ† +
1√
2
(−13c2 + 43c3 + 209 c4)
α2
(Φ2Φ† + ΦΦ†2) . (41)
Note that K is a real superfield. The supersymmetric extension of the L¯2 Lagrangian in (38) is
then the highest (that is, θθθ¯θ¯) component of K(Φ,Φ†), given by
LSUSY2 = K(Φ,Φ†)
∣∣∣∣
θθθ¯θ¯
= − ∂
2K
∂A∂A∗
∂A · ∂A∗ + ∂
2K
∂A∂A∗
FF ∗
=
(
− 1
2
c2 − c3 − 2
3
c4 + (
1
3
c2 − 4
3
c3 − 20
9
c4)pˆi
)(
(
∂pˆi
α
)2 + (
∂χ
α
)2 − 2FF
∗
α2
)
. (42)
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It is important to note that the dimension one auxiliary field F that appears here is everywhere
suppressed by α, in the same manner as the derivatives ∂pˆi. To simplify the notation, for the
remainder of this section, unless explicitly stated otherwise, we will set α = 1.
4.2 Supersymmetric L¯3
The supersymmetric extension of the L¯3 Lagrangian given in (38) can be constructed from two
terms,
LSUSY3,1st term =
1
16
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(Φ + Φ†)
)(
DΦDΦD2Φ† + h.c.
)∣∣∣∣
θθθ¯θ¯
=
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(A+A∗)
)(
(∂A)2A∗ + (∂A∗)2A− FF ∗(A+A∗)
+F ∗∂F · (∂A− ∂A∗)− F∂F ∗ · (∂A− ∂A∗)
)
+ 4c4
(
(FF ∗)2 − FF ∗∂A · ∂A∗
)
(43)
and
LSUSY3,2nd term =
1
4
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(2
3
c3 − 4
3
c4
)
(Φ + Φ†)
)(
DΦDΦD¯Φ†D¯Φ†
)∣∣∣∣
θθθ¯θ¯
=
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(2
3
c3 − 4
3
c4
)
(A+A∗)
)(
4(FF ∗)2 − 8FF ∗∂A · ∂A∗ + 4(∂A)2(∂A∗)2
)
(44)
In terms of the real scalar fields pˆi and χ, as well as the complex auxiliary field F , we find that the
complete supersymmetrization of L¯3 is given by
LSUSY3 =
(
− 1
2
c3 − c4 − 2c4pˆi
)(
(∂pˆi)2pˆi + (∂χ)2pˆi + 2∂pˆi · ∂χχ− 2FF ∗pˆi
+2iF ∗∂F · ∂χ− 2iF∂F ∗ · ∂χ
)
+ 4c4
(
(FF ∗)2 +
1
2
FF ∗(∂pˆi)2 +
1
2
FF ∗(∂χ)2
)
+
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
(2
3
c3 − 4
3
c4
)
pˆi
)(
(∂pˆi)4 + (∂χ)4 − 2(∂pˆi)2(∂χ)2 + 4(∂pˆi · ∂χ)2
−4FF ∗(∂pˆi)2 − 4FF ∗(∂χ)2 + 4(FF ∗)2
)
. (45)
We note the appearance of derivatives of F , as well as a term proportional to (FF ∗)2. In the
conformal Galileon case arising from the AdS5 bulk space, the first type of term occurred at the
level of LSUSY3 , but a serendipitous cancellation removed the latter type at this order.
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4.3 Supersymmetric L4
In order to supersymmetrize the fourth order heterotic Galileon, we have to consider each of the five
terms in (38) that comprise L¯4 separately. Let us begin with the term involving ∂µ(∂pˆi)2∂µ(∂pˆi)2.
To extend this to N = 1 supersymmetry, we construct
LSUSY4, 1st term =
1
32
(
1
4
c4 +
1
6
√
2
c4(Φ + Φ)
)
{D, D¯}(DΦDΦ){D, D¯}(D¯Φ†D¯Φ†)
∣∣∣∣
θθθ¯θ¯
=
(
− 1
4
c4 − 1
6
√
2
c4(A+A
∗)
)(
4∂µ(∂A)
2∂µ(∂A∗)2 − 8∂µ(FA,ν)∂µ(F ∗A∗,ν) + 16FF ∗∂F · ∂F ∗
)
=
1
32
(
1
4
c4 +
1
6
√
2
c4(Φ + Φ)
)
{D, D¯}(DΦDΦ){D, D¯}(D¯Φ†D¯Φ†)
∣∣∣∣
θθθ¯θ¯
=
(
− 1
4
c4 − 1
6
√
2
c4(A+A
∗)
)(
4∂µ(∂A)
2∂µ(∂A∗)2 − 8∂µ(FA,ν)∂µ(F ∗A∗,ν) + 16FF ∗∂F · ∂F ∗
)
=
(
− 1
4
c4 − 1
6
c4pˆi
)(
∂µ(∂pˆi)
2∂µ(∂pˆi)2 + ∂µ(∂χ)
2∂µ(∂χ)2 − 2∂µ(∂pˆi)2∂µ(∂χ)2
+4∂µ(∂pˆi · ∂χ)∂µ(∂pˆi · ∂χ)− 4∂µ(Fpˆi,ν)∂µ(F ∗pˆi,ν)
−4∂µ(Fχ,ν)∂µ(F ∗χ,ν) + 16FF ∗∂F · ∂F ∗
)
. (46)
In addition to the desired term ∂µ(∂pˆi)
2∂µ(∂pˆi)2, as well as related terms containing both scalars pˆi
and χ, we encounter terms involving two derivatives of F in this expression; for example, FF ∗∂F ·
∂F ∗. These will occur throughout the supersymmetrization of L¯4.
Next, we consider the term involving pˆi∂µ(∂pˆi)2pˆi,µ. It is given by
LSUSY4, 2nd term =
1
128
(
c4 +
2
3
√
2
c4(Φ + Φ
†)
)(
{D, D¯}(Φ + Φ†){D, D¯}(DΦDΦ)D¯2Φ† + h.c.
)∣∣∣∣
θθθ¯θ¯
=
(
c4 +
2
3
√
2
c4(A+A
∗)
)(
(A+A∗),µ
(
∂µ(∂A)
2A+ ∂µ(∂A∗)2A∗
)
−(A+A∗),µ(∂µ(FA,ν)F ∗,ν + ∂µ(F ∗A∗,ν)F ,ν)
−(A+A∗),µ(∂µ(FA− ∂F · ∂A)F ∗ + ∂µ(F ∗A∗ − ∂F ∗ · ∂A∗)F )
−∂µ∂ν(A−A∗)
(
∂µ(FA,ν)F ∗ − ∂µ(F ∗A∗,ν)F )− 4FF ∗∂F · ∂F ∗)
− 32
3
√
2
c4(A−A∗),ν(A+A∗),µ
(
∂µ(FAν)F
∗ − ∂µ(F ∗A∗ν)F
)
− 32
3
√
2
c4FF
∗(A+A∗),µ
(
∂µ(∂A)2 + ∂µ(∂A∗)2
)
+
64
3
√
2
c4
(
F (F ∗)2(A+A∗),µF ,µ + F ∗F 2(A+A∗),µF ∗,µ
)
(47)
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Expressed in terms of the fields pˆi and χ, as well as the auxiliary field F , this becomes
LSUSY4, 2nd term =
(
c4 +
2
3
c4pˆi
)(
pˆi∂µ(∂pˆi)2pˆi,µ −pˆi∂µ(∂χ)2pˆi,µ − 2χ∂µ(∂pˆi · ∂χ)pˆi,µ
−pˆi,µ∂µ(Fpˆi,ν)F ∗,ν − pˆi,µ∂µ(F ∗pˆi,ν)F ,ν − ipˆi,µ∂µ(Fχ,ν)F ∗,ν + ipˆi,µ∂µ(F ∗χ,ν)F ,ν
−pˆi,µ∂µ(Fpˆi)F ∗ − pˆi,µ∂µ(F ∗pˆi)F − pˆi,µ∂µ(∂F · ∂pˆi)F ∗ − pˆi,µ∂µ(∂F ∗ · ∂pˆi)F
−ipˆi,µ∂µ(Fχ)F ∗ + ipˆi,µ∂µ(F ∗χ)F + ipˆi,µ∂µ(∂F · ∂χ)F ∗ − ipˆi,µ∂µ(∂F ∗ · ∂χ)F
−iχ,µν∂µ(Fpˆi,ν)F ∗ + iχ,µν∂µ(F ∗pˆi,ν)F + χ,µν∂µ(Fχ,ν)F ∗ + χ,µν∂µ(F ∗χ,ν)F
−4FF ∗∂F · ∂F ∗
)
+
32
3
c4
(
ipˆi,µ∂µ(Fpˆi,ν)χ
,νF ∗ − ipˆi,µ∂µ(F ∗pˆi,ν)χ,νF − pˆi,µ∂µ(Fχ,ν)χ,νF ∗ − pˆi,µ∂µ(F ∗χ,ν)χ,νF
)
− 32
3
c4
(
FF ∗pˆi,µ∂µ(∂pˆi)2 + FF ∗pˆi,µ∂µ(∂χ)2
)
+
64
3
c4
(
F (F ∗)2∂F · ∂pˆi + F ∗F 2∂F ∗ · ∂pˆi
)
(48)
The remaining three terms, which involve (∂pˆi)4pˆi, (∂pˆi)2pˆi,µpˆiµν pˆi,ν and (∂pˆi)4respectively, have the
following supersymmetric extensions.
LSUSY4, 3rd term =
1
32
√
2
(
19
6
c4 +
76
9
√
2
c4(Φ + Φ
†)
)
DΦDΦD¯Φ†D¯Φ†{D, D¯}{D, D¯}(Φ + Φ†)
∣∣∣∣
θθθ¯θ¯
= 2
√
2
(
− 19
6
c4 − 76
9
√
2
c4(A+A
∗)
)
(A+A∗)
(
(∂A)2(∂A∗)2 − 2FF ∗∂A · ∂A∗ + (FF ∗)2
)
=
(
− 19
6
c4 − 76
9
c4pˆi
)(
(∂pˆi)4pˆi + (∂χ)4pˆi − 2(∂pˆi)2(∂χ)2pˆi + (∂pˆi · ∂χ)2pˆi
−2FF ∗((∂pˆi)2 + (∂χ)2)pˆi + 4(FF ∗)2pˆi
)
, (49)
LSUSY4, 4th term = −
1
128
√
2
(
− c3 − 11
3
c4 +
1√
2
(−2
3
c3 − 88
9
c4)(Φ + Φ
†)
)
(
{D, D¯}DΦDΦD¯ΦD¯Φ†{D, D¯}Φ + h.c.
)∣∣∣∣
θθθ¯θ¯
=
1√
2
(
− c3 − 11
3
c4 +
1√
2
(−2
3
c3 − 88
9
c4)(A+A
∗)
)
(
∂µ
(
(∂A)2(∂A∗)2
)− 2∂µ(FF ∗∂A · ∂A∗) + ∂µ(FF ∗)2)(A+A∗),µ
=
(
− c3 − 11
3
c4 + (−2
3
c3 − 88
9
c4)pˆi
)(
(∂pˆi)2pˆi,µpˆiµν pˆi
,ν − (∂pˆi)2pˆi,µpˆiµν pˆi,ν
−(∂pˆi)2pˆi,µχµνχ,ν + (∂χ)2pˆi,µχµνχ,ν + 4∂µ
(
∂pˆi · ∂χ)2pˆi,µ − ∂µ(FF ∗(∂pˆi)2)pˆi,µ
−∂µ(FF ∗(∂χ)2)pˆi,µ + ∂µ(FF ∗)pˆi,µ
)
, (50)
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L¯SUSY4, 5th term =
1
16
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 +
1√
2
(− 1
24
c2 − 8
9
c3 − 21
2
c4)(Φ + Φ
†)
)
DΦDΦD¯Φ†D¯Φ†
{D, D¯}Φ{D, D¯}Φ†
∣∣∣∣
θθθ¯θ¯
=
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 +
1√
2
(− 1
24
c2 − 8
9
c3 − 21
2
c4)(A+A
∗)
)
(
(∂A)2(∂A∗)2 − 2FF ∗∂A · ∂A∗ + (FF ∗)2
)
∂A · ∂A∗
=
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 + (− 1
24
c2 − 8
9
c3 − 21
2
c4)pˆi
)(
(∂pˆi)2 + (∂χ)2
)
(
(∂pˆi)4 + (∂χ)4 − 2(∂pˆi)2(∂χ)2 + 4(∂pˆi · ∂χ)2 − 4FF ∗((∂pˆi)2 − (∂χ)2)+ 4(FF ∗)2) .
(51)
4.4 Supersymmetric L¯1
Thus far, we have ignored the first scalar Lagrangian density L¯1 given in (38). Since L¯1 is a
function of pˆi only, without any derivatives, it is logical to treat it as a potential energy term for
pˆi. In N = 1 supersymmetry, one specifies a potential by constructing a holomorphic function of
chiral superfields, W (Φ), known as a superpotential. We then choose
LSUSY1 = W (Φ)
∣∣∣∣
θθ
+W (Φ†)
∣∣∣∣
θ¯θ¯
= F
∂W
∂A
+ F ∗
∂W ∗
∂A∗
, (52)
where we have not yet specified the form of W . In order to do this, and complete the supersym-
metrization of L¯1, one must eliminate the auxiliary field F using its equation of motion. We now
address this issue, returning to the final component field expression for LSUSY1 at the end of the
next subsection.
4.5 Elimination of the F -field
Let us first collect all those terms from the supersymmetric action that contain the complex auxiliary
field F . Denoting this subset of the Lagrangian by LSUSYF , we find that
LSUSYF = F
∂W
∂A
+ F ∗
∂W ∗
∂A∗
+
(
γ + 2
√
2δpˆi
)
FF ∗
+
(
− 1
2
c3 − c4 − 2c4pˆi
)(
− 2FF ∗pˆi + 2iF ∗∂F · ∂χ− 2iF∂F ∗ · ∂χ
)
+ 4c4
(
(FF ∗)2 − 1
2
FF ∗(∂pˆi)2 − 1
2
FF ∗(∂χ)2
)
+
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
(2
3
c3 − 4
3
c4
)
pˆi
)(
− 4FF ∗(∂pˆi)2 − 4FF ∗(∂χ)2 + 4(FF ∗)2
)
−
(
1
4
c4 +
1
6
c4pˆi
)(
− 4∂µ(Fpˆi,ν)∂µ(F ∗pˆi,ν)− 4∂µ(Fχ,ν)∂µ(F ∗χ,ν) + 16FF ∗∂F · ∂F ∗
)
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+(
c4 +
2
3
c4pˆi
)(
− pˆi,µ∂µ(Fpˆi,ν)F ∗,ν − pˆi,µ∂µ(F ∗pˆi,ν)F ,ν − ipˆi,µ∂µ(Fχ,ν)F ∗,ν + ipˆi,µ∂µ(F ∗χ,ν)F ,ν
−pˆi,µ∂µ(Fpˆi)F ∗ − pˆi,µ∂µ(F ∗pˆi)F − pˆi,µ∂µ(∂F · ∂pˆi)F ∗ − pˆi,µ∂µ(∂F ∗ · ∂pˆi)F
−ipˆi,µ∂µ(Fχ)F ∗ + ipˆi,µ∂µ(F ∗χ)F + ipˆi,µ∂µ(∂F · ∂χ)F ∗ − ipˆi,µ∂µ(∂F ∗ · ∂χ)F
−iχ,µν∂µ(Fpˆi,ν)F ∗ + iχ,µν∂µ(F ∗pˆi,ν)F + χ,µν∂µ(Fχ,ν)F ∗ + χ,µν∂µ(F ∗χ,ν)F
−4FF ∗∂F · ∂F ∗
)
+
32
3
c4
(
ipˆi,µ∂µ(Fpˆi,ν)χ
,νF ∗ − ipˆi,µ∂µ(F ∗pˆi,ν)χ,νF − pˆi,µ∂µ(Fχ,ν)χ,νF ∗ − pˆi,µ∂µ(F ∗χ,ν)χ,νF
)
− 32
3
c4
(
FF ∗pˆi,µ∂µ(∂pˆi)2 + FF ∗pˆi,µ∂µ(∂χ)2
)
+
64
3
c4
(
F (F ∗)2∂F · ∂pˆi + F ∗F 2∂F ∗ · ∂pˆi
)
+
(
− 19
6
c4 − 76
9
c4pˆi
)(
− 2FF ∗((∂pˆi)2 + (∂χ)2)pˆi + 4(FF ∗)2pˆi
)
+
(
− c3 − 11
3
c4 + (−2
3
c3 − 88
9
c4)pˆi
)(
− ∂µ(FF ∗(∂pˆi)2)pˆi,µ − ∂µ(FF ∗(∂χ)2)pˆi,µ + ∂µ(FF ∗)pˆi,µ
)
+
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 + (− 1
24
c2 − 8
9
c3 − 21
2
c4)pˆi
)
(
(−4FF ∗((∂pˆi)2 − (∂χ)2)+ 4(FF ∗)2)((∂pˆi)2 + (∂χ)2)) ,
(53)
where, for convenience, we have defined two parameters, γ and δ, of mass dimension 2 as
γ ≡ (c2 + 2c3 +
4
3c4)
α2
, δ ≡ 1√
2
(−13c2 + 43c3 + 209 c4)
α2
. (54)
As mentioned previously, this Lagrangian not only contains terms that are cubic or higher order
polynomials in F and F ∗, but also terms which involve derivatives of F ; including terms with two
derivatives on F , such as FF ∗∂F · ∂F ∗. The question then arises as to whether or not F can
legitimately be considered an auxiliary field–which can be eliminated via an algebraic equation of
motion–or is, instead, a dynamical scalar which propagates in the same manner as pˆi and χ. This
issue is typical of higher derivative theories of supersymmetry and supergravity–see, for example,
[50, 51]. Of course, a propagating complex scalar F is not necessarily a problem for supersymmetry,
since it can be associated with two extra propagating degrees of freedom in the Weyl spinor ψ.
In [33], we presented a method for addressing this issue in the case of the supersymmetric
conformal Galileons. We now adapt this method to the supersymmetric heterotic Lagrangians. To
begin, we observe that after restoring α in the supersymmetric Lagrangians given above, the mass
dimension 1 scalar F always appears in the ratio F/α. This mirrors the structure of the derivative
∂pˆi, which always appears in the form ∂pˆi/α. Since we are restricting the derivative terms to be
small so as to limit the derivative expansion to the four heterotic Galileons discussed above, it is
natural to demand that in the supersymmetric extension, F/α, be small as well. To be explicit, we
henceforth require that ∣∣∣∣Fα
∣∣∣∣2  1 . (55)
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This condition means that (53) is composed of terms which are suppressed by successively higher
powers of α2, as were the heterotic Galileons in (38). Therefore, higher order terms in F and those
involving derivatives of F , which arise in the supersymmetrization of L¯3 and L¯4, will be small
compared to the linear and quadratic terms from LSUSY1 and LSUSY2 . This allows us to treat F
as an auxiliary field, since the terms that would “propagate” it are heavily suppressed. We can
then solve for F perturbatively and substitute the result into Lagrangian (53). The perturbative
expansion for F will be of the form
F = F (0) + F (1) + . . . , (56)
where F (0) arises from solving the F equation of motion using LSUSY1 and LSUSY2 only, F (1) is then
computed by adding the contribution of LSUSY3 to the F equation of motion, and so on. Let us
write (56) in the form.
F = F (0)(1 +
F (1)
F (0)
+ . . . ) . (57)
It is clear from the above discussion that
F (1)
F (0)
∼ (∂
α
)2  1 (58)
and, hence, F is very well approximated by F (0). Therefore, in the remainder of this paper we will
always take F = F (0) and ignore higher order corrections. In doing so, it will become clear that the
coefficients ci, which arose from the construction of the DBI action (30), can no longer be arbitrary
and must satisfy certain specific constraints. As stated above, the largest terms in (53) arise from
LSUSY1 and LSUSY2 , and are given by
LSUSY(0)F = F (0)
∂W
∂A
+ F ∗(0)
∂W ∗
∂A∗
+
(
γ + 2
√
2δpˆi
)
F (0)F ∗(0) , (59)
where the dimension 2 constants γ and δ are the linear combinations of the coefficients ci given in
(54). Solving the equation of motion for F (0), we find that
F (0) = − 1(
γ + 2
√
2δpˆi
) ∂W ∗
∂A∗
. (60)
For the holomorphic function, W (A), we choose
W (A) = β1A+ β2A
2 , (61)
where the constant coefficients β1, β2 each have mass dimension 3. Furthermore, it will be sufficient
to take each of the βi coefficients to be real numbers. As we will demonstrate below, superpotential
(61) leads to the correct scalar Lagrangian L¯1 presented in (38)–and appears to be the minimal
holomorphic superpotential which can do so. Hence, although more complicated superpotentials
might be possible, we will, for simplicity, take W (A) to be the quadratic function given in (61). It
then follows from (60) and (61) that, to linear order in pˆi,
F (0) = −β1
γ
+
√
2
(
2
β1
γ
(
δ
γ
)
− β2
γ
)
pˆi + i
√
2
β2
γ
χ− i4β2
γ
(
δ
γ
)
pˆiχ .
(62)
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Note from the denominator in (60) that to consistently work to first order in pˆi only, we have to
constrain δ and γ to satisfy
| δ
γ
| . 1 . (63)
It then follows from (54) that the coefficients ci, i = 1, 2, 3, 4 must satisfy the constraint that
| − 1
3
c2 +
4
3
c3 +
20
9
c4| .
√
2|c2 + 2c3 + 4
3
c4| . (64)
Before discussing the conditions under which |F (0)/α|2  1, one must first compute LSUSY(0)F
and determine whether or not it is consistent with L¯1 in (38). Putting expression (62) into (59),
we find that the complete scalar potential energy is given by
V (pˆi, χ) = −LSUSY(0)F
=
β21
γ
+
2
√
2
γ2
(− β21δ + β1β2γ)pˆi + 2γ β22χ2
− 4
√
2
γ2
β22δpˆiχ
2 . (65)
Setting χ = 0 in expression (65), and demanding that the result reproduce −L¯1 in (38) exactly,
necessitates the imposition of two constraints on β1 and β2. These are
β21 = γ
(
3
10
c1 + c2 +
4
3
c3
)
, −β21δ + β1β2γ = −
γ2
2
√
2
(
c1 +
4
3
c2 − 8
9
c3
)
. (66)
Note that the first constraint immediately implies that
γ
(
3
10
c1 + c2 +
4
3
c3
)
> 0 . (67)
We conclude that choosing the quadratic superpotential (60) leads to the appropriate N = 1
supersymmetrization LSUSY(0)F of the scalar L¯1 heterotic Galileon as long as the two coefficients βi,
i = 1, 2 of W (A) satisfy the constraints in (66).
Having determined this, we must now ensure that F (0) presented in (62) satisfies the constraint
given in (55); that is, that |F (0)/α|2  1. It is clear from expression (62) and (63) that this will
be the case as long as
|βi
γ
|  1, i = 1, 2 . (68)
Solving these inequalities subject to the constraints given in (66), leads to two conditions on the
coefficients ci, i = 1, 2, 3, 4. First, demanding that |β1/γ|  1 and using the first expression in (66),
leads to the inequality
3
10
c1 + c2 +
4
3
c3  c2 + 2c3 + 4
3
c4 . (69)
Second, the constraint |β2/γ|  1 and the second expression in (66) implies that
| − c1 − 4
3
c2 +
8
9
c3|  2
√
2|β1| . (70)
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Before continuing, we note that having chosen the form of the superpotential W (A) in (61), one
can now write the expression for LSUSY1 in (52) in terms of component fields. It is given by
LSUSY1 = β1(F + F ∗) +
√
2β2(F + F
∗)pˆi + i
√
2β2(F − F ∗)χ . (71)
4.6 Physical Requirements
As discussed in a previous paper [33], we would like our Lagrangian to be such that it admits a
solution of the equations of motion for which, if we take both χ = 0 and ∂µχ = 0 initially, then
χ = ∂µχ = 0 remains unchanged as time evolves. That is, any dynamical motion is purely in the
pˆi direction in field space. This requires an analysis of the potential (65). For this to be the case,
it is necessary that
m2χ =
∂2V
∂χ2
∣∣∣∣
χ=0
≥ 0 (72)
for all values of pˆi, where
∂2V
∂χ2
∣∣∣∣
χ=0
=
4β22
γ
(
1− 2
√
2(
δ
γ
)pˆi
)
. (73)
Using (63), it follows that (72) will be satisfied as long as one chooses the ci coefficients such that
γ > 0. It then follows from (54) that
c2 + 2c3 +
4
3
c4 > 0 (74)
Note that putting this result back in (67), simplifies that constraint to become
3
10
c1 + c2 +
4
3
c3 > 0 (75)
Of course, condition (72) will lead to the solution χ = ∂µχ = 0 only if one assumes a non-ghost like
kinetic energy for χ. To ensure that this is the case, let us combine the kinetic terms for χ which
arise from (42) and (53). That is[
− 1
2
c2 − c3 − 2
3
c4 + (
1
3
c2 − 4
3
c3 − 20
9
c4)pˆi
+
(
− 1
2
c2 − 4
3
c3 − 2
3
c4 + (−8
3
c3 +
16
3
c4)pˆi
)
F (0)F ∗(0)
+
(
− 1
4
c2 − 4
3
c3 − 9c4 + (−1
6
c2 − 32
9
c3 − 42c4)pˆi
)
(F (0)F ∗(0))2
]
(∂χ)2 , (76)
where F (0) is given by (62). This kinetic energy will be ghost free if and only if the coefficient of
(∂χ)2 is negative for any value of pˆi. It follows that the ci coefficients must satisfy(− 1
2
c2 − c3 − 2
3
c4
)
+
(− 1
2
c2 − 4
3
c3 − 2
3
c4
)|F (0)|2 + (− 1
4
c2 − 4
3
c3 − 9c4
)|F (0)|4 < 0 (77)
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and (1
3
c2 − 4
3
c3 − 20
9
c4
)
+
(− 8
3
c3 +
16
3
c4
)|F (0)|2 + (− 1
6
c2 − 32
9
c3 − 42c4
)|F (0)|4 < 0 (78)
This imposes two additional extra conditions on the coefficients ci. It is important to note that the
kinetic energy term for pˆi is identical to that of χ; one simply replaces (∂χ)2 in equation (76) with
(∂pˆi)2. By requiring χ be ghost free, we thus ensure that pˆi is ghost-free as well; that is, requiring
(∂pˆi)2 to be ghost free imposes no additional constraints.
Finally, there are two additional “physical” constraints that we impose on the supersymmetric
three-brane action. The first is that we require the three-brane “tension” to be positive. It is
straightforward to show that this will be the case if and only if
c2 > 0 . (79)
Second, on physical grounds we would like the three-brane to be attracted to the observable orbifold
plane by the potential energy in the worldvolume action. It then follows from (65) that
− c1 − 4
3
c2 +
8
9
c3 > 0 (80)
Note that this simplifies (70) to become
− c1 − 4
3
c2 +
8
9
c3  2
√
2|β1| . (81)
4.7 Summary of Constraints on the Coefficients
The complete set of constraints on the coefficients ci, i = 1, 2, 3, 4 determined above are the follow-
ing:
1. | − 13c2 + 43c3 + 209 c4| .
√
2(c2 + 2c3 +
4
3c4)
2. 310c1 + c2 +
4
3c3 > 0
3. 310c1 + c2 +
4
3c3  c2 + 2c3 + 43c4
4. −c1 − 43c2 + 89c3  2
√
2|β1|
5. c2 + 2c3 +
4
3c4 > 0
6. c2 > 0
7. −c1 − 43c2 + 89c3 > 0
8.
(− 12c2 − c3 − 23c4)+ (− 12c2 − 43c3 − 23c4)|F (0)|2 + (− 14c2 − 43c3 − 9c4)|F (0)|4 < 0
9.
(
1
3c2 − 43c3 − 209 c4
)
+
(− 83c3 + 163 c4)|F (0)|2 + (− 16c2 − 329 c3 − 42c4)|F (0)|4 < 0
where β1 is defined in (66).
In this paper, we will make no attempt to present a complete set of solutions to these conditions.
Instead, we will perform a numerical scan over four dimensional ci-space to demonstrate that there
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exist reasonable values of the coefficients (c1, c2, c3, c4) which satisfy the constraints given above.
We will restrict the values of the ci’s so that, in units of α = 1, their absolute value is bounded by
|ci| ≤ 10 , (82)
which is a physically realistic assumption. We first set up a four-dimensional grid with an incremen-
tal step size ∆c, and evaluate every point in the grid to see if they satisfy the required inequalities.
Let us be precise about the numerical definition of the  symbol appearing in inequalities 3. and
4. in the summary of constraints. We will, in this analysis, take it to mean that the ratio of the
two quantities given is less than 1/25; that is
a b⇒ a
b
<
1
25
. (83)
Furthermore, we will work in a restricted region of field space, such that the magnitude of both pˆi
and χ cannot exceed 1/10. Note that for pˆi this is consistent with condition (36). This enables us
to evaluate inequalities involving the field dependent quantity F (0). We do so by replacing pˆi and
χ with their maximum value, that is, 1/10, in the expression for F (0).
A preliminary search reveals that c1 must be negative for there to be any satisfactory points.
Taking c1 to be a fixed negative value, we perform a more refined scan over the remaining ci’s
by taking ∆c = 0.01. The results for c1 = −1 and c1 = −10 are presented in Figures 1 and 2
respectively. We note that taking c1 to be more negative, as in Figure 2, means that more points
can satisfy the constraints. This is clear from the larger “volume” of valid points in Figure 2, as
opposed to those of Figure 1. Finally, we find that |F (0)|2 is indeed small for all of the valid points
displayed in Figures 1 and 2; as is required for the perturbative expansion of F to be valid. At its
largest, |F (0)|2 ' 0.04 in both cases, but is generically smaller, as can be seen in Figure 3.
For completeness, the entire Lagrangian density for theN = 1 flat superspace heterotic Galileons,
LSUSY1+2+3+4, is presented in component fields in Appendix A. All terms containing the chiral fermion
ψ have been set to zero. The Lagrangian, after the elimination of F and subject to the various con-
straints discussed above, can be obtained by substituting F → F (0) and using only those coefficients
ci, i = 1, 2, 3, 4 satisfying the conditions presented in Subsection 4.7.
5 Extension of Heterotic Galileons to N = 1 Supergravity
We now proceed to extend the heterotic Galileons in equation (38) to local supersymmetry; that
is, to N = 1 supergravity. This is essential if we are to explore the cosmological implications of
three-branes in heterotic M -theory. Much of the computation involved is similiar to that presented
in [33], so we will limit ourselves to the most pertinent details. We continue to use the superspace
formalism described in [49], where the global anti-commuting θα coordinates are now replaced by
local superspace coordinates Θα. These now define the superfield expansions. As above, we will
embed the real scalar field pˆi appearing in (38) in a complex scalar field A = 12(pˆi + χ), which is
taken to be the lowest component of a chiral superfield
Φ = A+
√
2Θψ + ΘΘF . (84)
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Figure 1: Numerical scan over −10 ≤ ci ≤ 10 for i = 2, 3, 4, taking c1 = −1.0 and with step size ∆c = 0.01.
Points which satisfy all inequalities in the “summary of constraints” are labelled by an orange ×.
As in the flat superspace case, this chiral superfield contains, in addition to A, a two component
Weyl spinor ψ and a complex scalar auxiliary field F . With the exception of the supergravity
extension of L¯1, our N = 1 locally supersymmetric Lagrangians are all of the form∫
d2Θ 2E(D2 − 8R)O(Φ,Φ†) + h.c. , (85)
where O(Φ,Φ†) is a Lorentz scalar involving Φ and Φ†. The integral is over half of superspace,
where the chiral projection operator D2 − 8R, involving the curvature chiral superfield R, acts on
O so as to make the combination (D2 − 8R)O a chiral superfield. The geometrical chiral density
E ensures that the Lagrangian has the appropriate transformation properties under local N = 1
supersymmetry.
Local N = 1 supersymmetry necessitates the introduction of a supergravity multiplet containing
the spin 2 graviton e aµ and the spin 3/2 gravitino ψ
α
µ . However, the off-shell superspace formalism
that we are using requires the addition of two new auxiliary fields, a complex scalar M and a real
vector field bµ, to the supergravity multiplet. Both M and bµ have mass dimension one, and appear
in the Θ expansions of the chiral superfield R and the geometrical chiral density E . Explicitly, one
finds that
R = −16M + Θ2( 112R− 19MM∗ − 118bµbµ + 16 ie µa Dµba)
E = 12e− 12Θ2eM∗ , (86)
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Figure 2: Numerical scan over −10 ≤ ci ≤ 10 for i = 2, 3, 4, taking c1 = −10.0 and with step size ∆c = 0.01.
Points which satisfy all inequalities given in the “summary of constraints” are labelled by a blue ×.
where R is the four-dimensional Ricci scalar (not to be confused with the similar notation for the
radius of curvature in the AdS5 case) and e = det e
a
µ . For more details on the construction of
N = 1 supergravity Lagrangians using the superspace formalism, we refer the reader to [33, 49], as
well as to [51, 52, 53]. Higher-derivative Lagrangians in N = 1 supergravity have been examined in
[51, 52, 53, 54, 55, 56, 57]. Therefore, in addition to the auxiliary field F of the chiral supermultiplet
Φ, one must now examine the behaviour of the supergravity auxiliary fields M and bµ.
Let us first consider the supergravity extension of L¯1, L¯2 and L¯3, deferring the discussion of
L¯4 to the end of this section. For simplicity, we will set α = 1 unless otherwise stated. However,
to explicitly demonstrate where effects due to gravitation arise, we will exhibit the factors of the
Planck mass, MP , wherever they occur in our expressions. As above, we will not present terms which
involve fermions, since these are not relevant for this paper. Therefore, in addition to dropping
terms involving the Weyl fermion ψ, we will also exclude terms which containing the gravitino ψ αµ .
The appropriate supergravity extensions of L¯1 and L¯2 are given, in terms of superfields, by
LSUGRA1 =
∫
d2Θ 2EW (Φ) + h.c. (87)
L¯SUGRA2 = M2P
∫
d2Θ 2E
(
− 3
8
(D2 − 8R)e−K(Φ,Φ†)/3M2P
)
+ h.c (88)
To be consistent with the flat supersymmetry results of the previous section, it follows from (41)
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(a) (b)
Figure 3: Histograms of |F (0)|2/α2 for (a) c1 = −1 and (b) c1 = −10. The data are from the same numerical
scans as in Figures 1 and 2. Plots (a) and (b) each represent a total of 2,701 and 198,903 points respectively.
and (61) that one must take
K(Φ,Φ†) = γΦΦ† + δ(Φ2Φ† + Φ(Φ†)2) , W (Φ) = β1Φ + β2Φ2 , (89)
where γ, δ are defined in equation (54) and β1, β2 are real coefficients. Written in terms of compo-
nents fields, we find that (87) and (88) become
1
e
L¯SUGRA1 =
∂W
∂A
F +
∂W ∗
∂A∗
F ∗ −WM∗ −W ∗M ,
1
e
L¯SUGRA2 = M2P e
− 1
3
K
M2P
(
− 1
2
R− 1
3
MM∗ +
1
3
bµbµ
)
+ 3M2P
∂2e
− 1
3
K
M2P
∂A∂A∗
(∂A · ∂A∗ − FF ∗)
+ iM2P b
µ(∂µA
∂e
− 1
3
K
M2P
∂A
− ∂µA∗∂e
− 1
3
K
M2P
∂A∗
) +M2P (MF
∂e
− 1
3
K
M2P
∂A
+M∗F ∗
∂e
− 1
3
K
M2P
∂A∗
)
(90)
respectively.
The extension to N = 1 supergravity of L¯3 is constructed from two terms,
L3,I = − 1
64
∫
d2Θ 2E (D2 − 8R)
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(Φ + Φ†)
)
DΦDΦD2Φ† + h.c.
=
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(A+A∗)
)(
(∂A)2
(∇µ∂µA∗ + 2
3
ibµ∂µA+
2
3
M∗F ∗
)
+(∂A∗)2
(∇µ∂µA+ 2
3
ibµ∂µA
∗ +
2
3
MF
)− 4
3
MF 2F ∗ − 4
3
M∗(F ∗)2F
+2F ∗∂F · ∂A+ 2F∂F ∗ · ∂A∗ + 1
6
iFF ∗bµ(∂µA− ∂µA∗)
)
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+ 2c4
(
2(FF ∗)2 − 4FF ∗∂A · ∂A∗ − FF ∗((∂A)2 + (∂A∗)2))
−
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(A+A∗)
)(
(∂A)2F ∗M∗ + (∂A∗)2FM − 1
3
MF 2F ∗ − 1
3
M(F ∗)2F
)
(91)
and
L3,II = − 1
32
∫
d2Θ 2E (D2 − 8R)
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(
2
3
c3 − 4
3
c4)(Φ + Φ
†)
)
DΦDΦDΦ†DΦ† + h.c.
=
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(
2
3
c3 − 4
3
c4)(A+A
∗)
)(
4(∂A)2(∂A∗)2 − 8FF ∗∂A · ∂A∗ + 4(FF ∗)2
)
.
(92)
Then
LSUGRA3 = L3,I + L3,II . (93)
Ignoring, for the time being the contribution of LSUGRA4 , let us take the N = 1 supergravity
Lagrangian for the worldvolume action of a probe brane in heterotic M-theory to be
L = LSUGRA1 + LSUGRA2 + LSUGRA3 . (94)
To ensure that this Lagrangian has the appropriate non-linear sigma model kinetic energy, that is,
so that gravity is canonically normalized, one must perform a Weyl rescaling of the vielbein
e aµ → e aµ e
1
6
K
M2P . (95)
This induces transformations on the Ricci scalar R and on all covariant derivatives and Christoffel
symbols in the component field Lagrangian. To proceed, one must now eliminate the auxiliary
fields M and bµ using their equations of motion. The procedure is straightforward but tedious, and
the essential steps were outlined in [33], Therefore, in this paper, we simply present the results.
For compactness, we use the notation
DA =
∂
∂A
+
∂K
∂A
, D¯A∗ =
∂
∂A∗
+
∂K
∂A∗
, K,A =
∂K
∂A
, K,A∗ =
∂K
∂A∗
µ1 = − 1
64
(
− 1√
2
c3 −
√
2
3
c4
)
, λ1 =
c4
32
, µ2 = − 1
32
(
1
8
c2 +
1
3
c3 − 1
3
c4
)
, λ2 = − 1
32
√
2
(2
3
c3 − 4
3
c4
)
f(A,A∗) =
64
3
(
µ1 + λ1(A+A
∗)
)
. (96)
Using this notation, we find that, after Weyl rescaling, the auxiliary field bµ is given by
bµ = −3
2
(
jµ − 1
4M2P
(
µ1 + λ1(A+A
∗)
)
hµ
)
(97)
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where
jµ = − i
M2P
(
K,A∂µA−K,A∗∂µA∗
)
hµ = i
(
∂µA
(512
3
(∂A)2 +
128
3
e
1
3
K
M2
P FF ∗
)− ∂µA∗(512
3
(∂A∗)2 +
128
3
e
1
3
K
M2
P FF ∗
))
. (98)
To remove the auxiliary field M , it is conventional to perform the following redefinition to another
complex scalar N defined by
M = N − 1
M2P
∂K
∂A∗
F ∗ . (99)
This, of course, leads to additional terms in (94) which depend on F and A alone. Solving for N ,
we find that
N =
3
M2P
e
− 1
3
K
M2
P
(
− e
2
3
K
M2
P W + fe
1
3
K
M2
P (∂A)2F ∗ + 3fe
2
3
K
M2
P (F ∗)2F
)
. (100)
Inserting these results back into Lagrangian (94), gives
L¯′
e
= −12M2PR−K,AA∗∂A · ∂A∗ + e
1
3
K
M2
P K,AA∗FF
∗ + e
2
3
K
M2
P (DAWF + D¯A∗W
∗F ∗) +
3
M2P
e
K
M2
P |W |2
−1
4
(
µ1 + λ1(A+A
∗)
)(
16(∂A)2
(
16∇2A∗ + 32∂µe
1
6
K
M2
P ∂µA∗
)
+16(∂A∗)2
(
16∇2A+ 32∂µe
1
6
K
M2
P ∂µA
))
−128e
1
3
K
M2
P
(
µ1 + λ1(A+A
∗)
)(
F ∗∇F · ∇A+ F∇F ∗ · ∇A∗
)
+
(
µ2 + λ2(A+A
∗)
)(
− 128(∂A)2(∂A∗)2 + 256e
1
3
K
M2
P ∂A · ∂A∗FF ∗ − 128e
2
3
K
M2
P (FF ∗)2
)
+λ1
(
128e
2
3
K
M2
P (FF ∗)2 − 256e
1
3
K
M2
P ∂A · ∂A∗FF ∗ − 64e
1
3
K
M2P
(
(∂A)2 + (∂A∗)2
)
FF ∗
)
− f
M2P
e
1
3
K
M2
P FF ∗
(
K,A(∂A)
2 +K,A∗(∂A
∗)2
)− 3 f
M2P
e
2
3
K
M2
P (FF ∗)2
(
K,A +K,A∗
)
+
3
8
(
µ1 + λ1(A+A
∗)
)
jµh
µ − 3
64M2P
(
µ1 + λ1(A+A
∗)
)2
hµh
µ
+
3
M2P
(
f2e
2
3
K
M2
P (∂A)2(∂A∗)2FF ∗ + 9f2e
4
3
K
M2
P (FF ∗)3 + 3f2e
K
M2
P (∂A)2(FF ∗)2
+3f2e
K
M2
P (∂A∗)2(FF ∗)2 − fe
K
M2
P
(
W ∗(∂A)2F ∗ +W (∂A∗)2F ∗
)
−3fe
4
3
K
M2
P
(
W ∗(F ∗)2F ∗ +W (F )2F ∗
))
,
(101)
where jµ, hµ are given in (98). The prime on L¯′ indicates that both Weyl rescaling and the
elimination of the supergravity auxiliary fields have been performed.
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An important check on this result is the following. Taking the limit in which M2P → ∞, and
gµν → ηµν , we find that
L′ = ∂W
∂A
F +
∂W ∗
∂A∗
F ∗ − ∂
2K
∂A∂A∗
(∂A · ∂A∗ − FF ∗)
+
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(A+A∗)
)(
(∂A)2(A∗) + (∂A∗)2(A) + 2F ∗∂F · ∂A+ 2F∂F ∗ · ∂A∗
)
+ 2c4
(
2(FF ∗)2 − 4FF ∗∂A · ∂A∗ − FF ∗((∂A)2 + (∂A∗)2))
+
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(
2
3
c3 − 4
3
c4)(A+A
∗)
)(
4(∂A)2(∂A∗)2 − 8FF ∗∂A · ∂A∗ + 4(FF ∗)2
)
.
(102)
After an integration by parts, this is precisely the sum of the flat superspace Lagrangians presented
in (52), (42) and (45)–as it must be.
5.1 LSUGRA4
The N = 1 supergravity extension of L¯4 is given by
LSUGRA4 = L4,I + L4,II + L4,II + L4,IV + L4,V , (103)
where
L4,I = −1
256
∫
d2Θ 2E (D2 − 8R)
(
1
4
c4 +
1
6
√
2
(Φ + Φ†)
)
{D,D}(DΦDΦ){D,D}(DΦ†DΦ†) + h.c.
L4,II = −1
512
∫
d2Θ 2E (D2 − 8R)
(
c4 +
2
3
√
2
c4(Φ + Φ
†)
)
{D,D}(Φ + Φ†){D,D}(DΦDΦ)D2Φ† + h.c.
L4,III = −1
256
√
2
∫
d2Θ 2E (D2 − 8R)
(
19
6
c4 +
76
9
√
2
c4(Φ + Φ
†)
)
DΦDΦDΦ†DΦ†{D,D}{D,D}(Φ + Φ†)
+h.c.
L4,IV = 1
512
√
2
∫
d2Θ 2E (D2 − 8R)
(
− c3 − 11
3
c4 +
1√
2
(−2
3
c2 − 88
9
c4)(Φ + Φ
†)
)
× {D,D}DΦDΦDΦDΦ†{D,D}Φ + h.c.
L4,V = − 1
128
∫
d2Θ 2E (D2 − 8R)
(
− 1
16
− 1
3
c3 − 9
4
c4 +
1√
2
(− 1
24
c2 − 8
9
c3 − 21
2
c4)(Φ + Φ
†)
)
× DΦDΦDΦ†DΦ†{D,D}Φ{D,D}Φ† + h.c.
(104)
When expressed in components fields, LSUGRA4 will give rise to the appropriate higher derivatives
of the complex scalar A, as well as those terms in (46)-(51) involving the auxiliary field F and
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its derivatives. As in LSUGRA1 , LSUGRA2 and LSUGRA3 , we also find terms involving the auxiliary
fields of supergravity. Now, however, there arise terms which are cubic or higher order in M , as
well as terms involving derivatives of bµ and M . We note that such terms were also present in
the supergravity extension LSUGRA4 in the conformal Galileon case discussed in [33]. A complete
analysis of these higher polynomial and derivative terms involving the supergravity auxiliary fields,
both in the conformal and heterotic Galileon cases, will be discussed in detail elsewhere. However,
this is not necessary in this paper, as we will see below.
6 The Cosmological Limit
Recall that the heterotic Galileons are derived in the limit where the four-dimensional momenta
and the auxiliary field F are all small compared the mass α associated with the curvature of the
fifth-dimension. To continue in the gravitational case, it is extremely useful to work in a limit in
which the four-dimensional spacetime curvature scalar R is restricted to be small compared to α2.
That is,
R  α2 < M2CY < M2P . (105)
This scenario, which we referred to as the “cosmological limit” in [33], allows one to drop the
majority of terms appearing in the supergravity extended Lagrangian.
Let us first consider the worldvolume Lagrangian (101), constructed from LSUGRA1 , LSUGRA2 and
LSUGRA3 only. Taking this limit in (101), the “cosmological” supergravity Lagrangian is found to
be
Lcosmo1+2+3
e
= −1
2
M2PR+
∂W
∂A
F +
∂W ∗
∂A∗
F ∗ − ∂
2K
∂A∂A∗
(∇A · ∇A∗ − FF ∗)
+
(
− 1√
2
c3 −
√
2
3
c4 − 2c4(A+A∗)
)(
(∂A)2(∇2A∗) + (∂A∗)2(∇2A)
+2F ∗∂F · ∂A+ 2F∂F ∗ · ∂A∗
)
+ 2c4
(
2(FF ∗)2 − 4FF ∗∇A · ∇A∗ − FF ∗((∇A)2 + (∇A∗)2))
+
(
1
8
c2 +
1
3
c3 − 1
3
c4 +
1√
2
(
2
3
c3 − 4
3
c4)(A+A
∗)
)(
4(∇A)2(∇A∗)2 − 8FF ∗∇A · ∇A∗
+4(FF ∗)2
)
.
(106)
We can now extend these results to include the “cosmological” terms from LSUGRA4 . One can show
that, in this limit, all terms arising from the elimination of the supergravity auxiliary fields M
and bµ must necessarily be suppressed by powers of MP and, hence, can be ignored. The relevant
terms will consist of two parts. The first part–labelled as 4A–is made up of the expressions given in
(46)-(51) with the partial derivatives ∂ replaced by ∇ and the metric ηµν replaced with gµν . That
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is, we add to (106) the following:
Lcosmo4A
e
=
(
− 1
4
c4 − 1
6
√
2
c4(A+A
∗)
)(
4∇µ(∇A)2∇µ(∇A∗)2 − 8∇µ(FA,ν)∇µ(F ∗A∗,ν)
+16FF ∗∇F · ∇F ∗
)
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√
2
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(∇µ(∇A)2∇2A+∇µ(∇A∗)2∇2A∗)
−(A+A∗),µ(∇µ(FA,ν)F ∗,ν +∇µ(F ∗A∗,ν)F ,ν)
−(A+A∗),µ(∇µ(F∇2A−∇F · ∇A)F ∗ +∇µ(F ∗∇2A∗ −∇F ∗ · ∇A∗)F )
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(∇µ(FA,ν)F ∗ −∇µ(F ∗A∗,ν)F )− 4FF ∗∇F · ∇F ∗)
− 32
3
√
2
c4(A−A∗),ν(A+A∗),µ
(∇µ(FAν)F ∗ −∇µ(F ∗A∗ν)F )
− 32
3
√
2
c4FF
∗(A+A∗),µ
(∇µ(∇A)2 +∇µ(∇A∗)2)
+
64
3
√
2
c4
(
F (F ∗)2(A+A∗),µF ,µ + F ∗F 2(A+A∗),µF ∗,µ
)
+ 2
√
2
(
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6
c4 − 76
9
√
2
c4(A+A
∗)
)(
(∇A)2(∇A∗)2 − 2FF ∗∇A · ∇A∗ + (FF ∗)2
)
∇2(A+A∗)
+
1√
2
(
− c3 − 11
3
c4 +
1√
2
(−2
3
c3 − 88
9
c4)(A+A
∗)
)
(
∇µ
(
(∇A)2(∇A∗)2)− 2∇µ(FF ∗∇A · ∇A∗) +∇µ(FF ∗)2)(A+A∗),µ
+
(
− 1
16
c2 − 1
3
c3 − 9
4
c4 +
1√
2
(− 1
24
c2 − 8
9
c3 − 21
2
c4)(A+A
∗)
)
(
(∇A)2(∇A∗)2 − 2FF ∗∇A · ∇A∗ + (FF ∗)2
)
∇A · ∇A∗ (107)
One finds, however, that in addition to these terms, the presence of curvature leads to two additional
terms arising from the supergravity extension of LSUSY4, 2ndterm in (48) that are not suppressed in the
cosmological limit. These constitute the second part of the LSUGRA4 contribution to the cosmological
limit and are given by
Lcosmo4B
e
=
(
c4 +
2
3
√
2
c4(A+A
∗)
)(
17
4
RFF ∗∇2(A+A∗)− 9
8
FF ∗Rµν∇µ(A+A∗)∇ν(A+A∗)
)
.
(108)
We conclude that in the cosmological limit defined by (105), the diffeomorphically invariant
four-dimensional N = 1 supersymmetric Lagrangian is given by the sum
Lcosmo
e
=
Lcosmo1+2+3+4(A+B)
e
. (109)
For completeness, the entire “cosmological” Lagrangian density is presented in Appendix B.
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Appendix A The Total N = 1 Supersymmetric Lagrangian
The flat N = 1 superspace Lagrangian density arising from the first four heterotic Galileons is
given by
LSUSY1+2+3+4 = β1(F + F ∗) +
√
2β2(F + F
∗)pˆi + i
√
2β2(F − F ∗)χ
+
(
− 1
2
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3
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1
3
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3
c3 − 20
9
c4)pˆi
)(
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∂pˆi
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∂χ
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)2 − 2FF
∗
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(
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2
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+2iF ∗∂F · ∂χ− 2iF∂F ∗ · ∂χ
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1
2
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1
2
FF ∗(∂χ)2
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8
c2 +
1
3
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3
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3
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)
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(∂pˆi)4 + (∂χ)4 − 2(∂pˆi)2(∂χ)2 + 4(∂pˆi · ∂χ)2
−4FF ∗(∂pˆi)2 − 4FF ∗(∂χ)2 + 4(FF ∗)2
)
+
(
− 1
4
c4 − 1
6
c4pˆi
)(
∂µ(∂pˆi)
2∂µ(∂pˆi)2 + ∂µ(∂χ)
2∂µ(∂χ)2 − 2∂µ(∂pˆi)2∂µ(∂χ)2
+4∂µ(∂pˆi · ∂χ)∂µ(∂pˆi · ∂χ)− 4∂µ(Fpˆi,ν)∂µ(F ∗pˆi,ν)
−4∂µ(Fχ,ν)∂µ(F ∗χ,ν) + 16FF ∗∂F · ∂F ∗
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3
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)
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)
+
(
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3
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9
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)(
(∂pˆi)2pˆi,µpˆiµν pˆi
,ν − (∂pˆi)2pˆi,µpˆiµν pˆi,ν
−(∂pˆi)2pˆi,µχµνχ,ν + (∂χ)2pˆi,µχµνχ,ν + 4∂µ
(
∂pˆi · ∂χ)2pˆi,µ − ∂µ(FF ∗(∂pˆi)2)pˆi,µ
−∂µ(FF ∗(∂χ)2)pˆi,µ + ∂µ(FF ∗)pˆi,µ
)
+
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c4 + (− 1
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9
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2
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)(
(∂pˆi)2 + (∂χ)2
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·
(
(∂pˆi)4 + (∂χ)4 − 2(∂pˆi)2(∂χ)2 + 4(∂pˆi · ∂χ)2 − 4FF ∗((∂pˆi)2 − (∂χ)2)+ 4(FF ∗)2) ,
(110)
where we have dropped all terms containing the chiral fermion ψ.
As discussed in Section 4, the F term can be evaluated using a perturbative expansion. A good
approximation to F is given by the lowest order term
F (0) = −β1
γ
+
√
2
(
2
β1
γ
(
δ
γ
)
− β2
γ
)
pˆi + i
√
2
β2
γ
χ− i4β2
γ
(
δ
γ
)
pˆiχ ,
where γ, δ are defined in equation (54), β1, β2 are real coefficients of the superpotential defined in
(61) and the coefficients ci, i = 1, 2, 3, 4 satisfy the constraints in Subsection 4.7. In Figure 4, we
plot the leading order potential in equation (65), for a specific case in which the constraints are
satisfied.
Figure 4: Plot of the potential energy V when the inequalities given in the Summary of Constraints above
are satisfied. Here, (c1, c2, c3, c4) = (−1.00, 0.60,−0.22, 0.46). We note the positive slope in the pˆi direction
and the local minimum of the potential at χ = 0 for any fixed value of pˆi, as we required.
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Appendix B The Total Cosmological Lagrangian
The Lagrangian density arising from the first four N = 1 supergravitational heterotic Galileons in
the “cosmological” limit is given, in component fields, by
Lcosmo1+2+3+4
e
= −1
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M2PR+
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, (111)
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where A = 1√
2
(pˆi + χ) and we have dropped all terms containing the chiral fermion ψ and the
gravitino ψαµ . The Kahler potential K and the superpotential W are given by
K(A,A†) = γAA† + δ(A2A† +A(A†)2) , W (Φ) = β1A+ β2A2 , (112)
where γ, δ are defined in equation (54) and β1, β2 are real coefficients. We emphasize again that
the Lagrangian density (111) is derived in the “cosmological” limit. Hence, the equations of motion
arising from it must be solved order by order in powers of (∂/α)2.
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